GROUP SCHEMES OF PERIOD 2 



VICTOR ABRASHKIN 

Abstract. We give an explicit construction of the antiequivalence 
of the category of finite flat commutative group schemes of period 
2 defined over a valuation ring of a 2-adic field with algebraically 
closed residue field. This result extends the earlier author's ap- 
proach to group schemes of period p > 2 from Proceedings LMS, 
101, 2010, 207-259. 



Introduction 

0.1. Basic notation. Everywhere in the paper k is algebraically closed 
field of characteristic 2, K 0Q is the fraction field of the ring of Witt vec- 
tors W(k) and [K : K 00 ] = e G N. Let O = Ok be the valuation 
ring of K , it — a fixed unif or miser in K , K = K q (tt), where it 2 = 7r , 
and O = Ok- We set S = k[[t]) where t is a variable. Let a : S — > S 
be such that a(s) = s 2 , s G S. Denote by k so ■ S/t 2e — ► 0/20 the 
rings isomorphism such that n\k = id and Kso '■ tmodt 2e i— > 7rmod2. 

For a natural number u, i denotes always a vector of length u with 
coordinates from the set {0, 1} and r(i) denotes the sum of these coor- 
dinates. 

0.2. Categories of group schemes. Let R be a local ring of char- 
acteristic with residue field k. Denote by Gr# the category of finite 
flat commutative group schemes G over R such that 2idc = 0. 

Remind that G = Spec A(G) , where A(G) is a flat i?-algebra of finite 
rank |G| and the structure of group scheme on G is given via the R- 
algebra morphisms ec '■ A{G) — > O (counit) and Aq '■ A(G) — > 
A{G) ®_r A(G) (coaddition) satisfying standard axioms. 

Denote by Gr^ and Gr^"'* the full subcategories of etale and, resp., 
multiplicative group schemes. Then any G G Gr# has the maximal 
etale quotient j et : G — > G et and the maximal multiplicative subobject 

jmult . Qmult y Q 

Because k is algebraically closed any etale object in Gr^ is a product 
of finitely many copies of the constant etale group scheme of order 
2, (Z/2)o = Spec Map(Z/2, R). Similarly, any multiplicative group 
scheme in Gr/j is a product of finitely many copies of the constant 
multiplicative group scheme of order 2, /x 2 = SpecJ?[Z/2]. 
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Introduce the category Gr^ as follows. Its objects are the objects 
from Gr^j and for any G\, G 2 G Grjj, 

Hornet (Gi,G 2 ) = Hom GlR (G 1 ,G 2 )/K(G 1 ,G 2 ) 

where 1Z{G\, G 2 ) consists of the morphisms 

jet f . -mult 

■> \ /Orel J , /^imult 1 . /-i 
Lri ?■ Ltj )• (_r 2 r Ksr 2 

whith arbitrary / G Hom GrH (Gf , G™ u '*). Note that Hom Grfl ((Z/2) fl , h 2 ,r) 
has only one non-trivial element given by the embedding of i?-algebras 

R[Z/2] = RO + Rl — > Map(Z/2, R) = R® R 

such that >->■ (1, 1) and I h-> (1, -1). 

0.3. Categories of filtered modules. Let M.Fs be the category of 
the triples (M°, M 1 , </?i) such that M 1 C M° are S-modules and <pi : 
M 1 — > M° is a o"-linear morphism of S'-modules. The morphisms in 
M.J~s are compatible morphisms of S'-modules commuting with ipi. 

Denote by MF^ the full subcategory in AiJ-'s consisting of the triples 
(M°, M 1 , tpi) such that 

• M° is a free S-module of finite rank; 

• M 1 D t e M°; 

• Vl (M 1 )S = M°. 

The full subcategory of etale filtered modules MF^' e< in MF e s consists 
of (M°, M 1 , tpi) such that M 1 = t e M°. One can see easily that any 
Ai = (M^M 1 ,^) G MF| has a unique maximal etale subobject 
{ et . ^et = (M - e ',t e M ' e ',v?i) — ► X. Suppose ^ _: M° — ► M° is 
such that <p ("i) := <^i{t e m) for any m G M°. Then M°' ei := M^ et ® s k 
is the maximal /c-sub module of M° := M° (8)5 k such that </? induces 
an invertible a-linear automorphism on M 0,et . Notice that i et can be 
included into the following short exact sequence 

— > M et A M — >■ .M' oc — ► 

where M loc = (M°' loc , M 1 ' 100 , <p{) G MF^ and M°' loc : = M°f oc ® s fc can 
be naturally indentified with the maximal /c-submodule in M° such that 
(fo induces its nilpotent endomorphism. Any etale filtered module is a 
direct sum of finitely many copies of S et := (Sm, St e m,(pi) G MF^', 
where ipi(t e m) = m. 

The full subcategory of multiplicative filtered modules M.Fg mult in 
MF| consists of (M°, M 1 , ipi) such that M 1 = M°. Any X G MF| 
has a unique maximal multiplicative quotient j mult ; — y j^muit 
Introduce the morphism ipo '■ M° — > M° as follows: if m G M 1 and 
(pi(m) = n G M° then ^0(71 <g) 1) = m <8> 1. One can verify that 
■00 is a well-defined <j _1 -linear morphism of k- modules and M°' mult ■= 
M°' mult ® s k can be identified with the maximal A;-submodule in M° 
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such that tpo\ J\^0,mult IS invertible. Note that j f can be included into 
the following short exact sequence in the category MF^, 



where M u = (M°' u , M 1,u , <pi) G MF^ and M°' u := M°' u ® 5 k is 
the maximal /c-submodule such that Vo|m<vu is nilpotent. Any mul- 
tiplicative filtered module is a direct sum of finitely many copies of 

S mult ._ S ^ ^ g MF e,mult^ = n _ 

Introduce the category MFg as follows. Its objects are the objects 
of MF| and for any M h M 2 G MF|, 

Hom M F»(^i,M 2 ) = Hom M F|(A^i, A^ 2 )/-R(A^i, M 2 ) 
where R(Aii, M 2 ) consists of the morphisms of MF| of the form 



and it is given by the correspondence n i— > t 2e m. 

0.4. The main result. In this paper we prove the following theorem. 
Theorem 0.1. There is an antiequivalence of categories 



For p > 2, there is an antiequivalence of categories Tq : Gr Go — > 
MF|. This was proved by CBreuil [2] and M.Kisin [HE] in a more gen- 
eral context of all p-group schemes. The proofs are obtained from the 
study of p-divisible groups and essentially use the crystalline Dieudonne 
theory which is built on a geometrical approach due to the Raynaud 
theorem about the existence of embedding of any p-divisible group 
into an abelian scheme. This approach has been generalized recently 
by W.Kim [3] and E.Lau [6] to the case p = 2. (Lau's result uses Zink's 
theory of displays and windows.) 

On the other hand, an explicit and direct construction of the antiequiv- 
alence Tq in the case p > 2 was given by the author [lj. The above 
theorem extends that construction to the case p = 2. We should no- 
tice that this extension is very far from to be straightforward for the 
following reasons. 

First, when relating group schemes over Oq C O and filtered S- 
modules we use the identification of rings S/t 2e and 0/2. But when 
working modulo 2 we can't control quite efficcently all morphisms in the 
category Gio, e.g. the both elements of HoniGr ((Z/2)o, ^2,0) coincide 
modulo 20. This explains why we use the quotient categories Gr^ and 
MFq. On the other hand, the above example represents essentially 
the only aspect we are loosing in our approach and Theorem 10.11 gives 





with arbitrary / G HomMF|(.A / l 
Note that Rom MF% (S mult , S e 
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essentially complete information about the objects and morphisms of 
the category Gr G . 

Second, when working with odd prime numbers p > 2 the ideal pO is 
considerably smaller than the maximal DP-ideal in O. lip = 2 we have 
no such "safety margin" because 20 is already the maximal DP-ideal 
in O. The adjustment of methods of [lj to the case p = 2 required 
a profound revision of all constructions used in there, especially the 
proof of the surjectivity of the functor Qq . In particular, the so-called 
Main Lemma was restated in a more precise form and provided with 
an essential elaboration. As a result, all main features of our approach 
from pQ were preserved in the case p = 2. Roughly speaking, when 
considering the case p > 2 it is enough to use only first two terms of 
the expansion of the Lubin-Tate logarithm Ilt{x) ~ x + x p /p but when 
p = 2 we need to be more precise Ilt(%) ~ x + x 2 /2 + x 4 /4. 

Finally, notice that all applications developed in [TJ: a criterion for 
the Galois module to come from the Galois module of geometric points 
of G G Gro , the relation between group schemes from Gro and Falt- 
ings's strict modules in characteristic 2 and an explicit description of 
the duality in Gr<3 can be done along the lines of the approach from 
[Tj in the case p = 2 as well. 



1. Construction of the functor Q ■ MF e s — > Gr 

We use all notation and assumptions from Introduction, in particu- 
lar, the definition of the category MF^ and the corresponding proper- 
ties of its objects. Remind also that we fixed an identification kso '■ 
S/t 2e S ~ 0/20 such that Kso\k = id and Kso{tmodt 2e ) = 7rmod2. 

1.1. ^i-lifts. Suppose M = (M°, M 1 , <pi) G MF|, M = (N°, N 1 , ip{) G 
MF S and 6 = {6°,6 l ) G Rom M Ts ( M , N) . 



Definition, a) 9 is a (fi-lift if 6 ,0 ,# 1 are epimorphic and Ker#° = 
Kerfl 1 := T; 

b) ipi-liit 6 is nilpotent if ipi\x is topologically nilpotent; 

c) y^i-lift 9 is special if there is a submodule T\ of T such that T = 
Ti+Tnt 2e N°' et , where y?i(Ti) C T\ and <j>i\t x is topologically nilpotent. 

With above notation suppose 6 G Hom_A4jr s (JA,J\f) is a y^i-lift and let 
Ker^ = (T, T, v?i|t)- Consider T = T/tT with the natural structure of a 
k- vector space and denote by T ml and T mv the subspaces in T such that 
<Pi\t induces a nilpotent cr-linear morphism on T ml and an invertible 
o"-linear morphism on T inv . The proof of the following Lemma is quite 
straightforward. 
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Lemma Let Mi = (M^M^^i) € MF^. Then: 

a) for any f G Horn y y / fj- s (.Mi, H), the set £(/) consisting of all 

f G HomMF| ( 1 , .M) snc/i £/ia£ f — f o 9 is not empty; 

bj iffiji e £(/) toen /i - / 2 /actors through j mult : M x — > Mf ult 

and if {f\ - f 2 )(M°) modtT C T™' ^en f ± = f 2 . 

Corollary 1.2. Lei G Hom_Mjr g ( M , M) be a ifii-lift. 

a) If 9 is nilpotent then M is defined uniquely by M up to a unique 
isomorphism in the category MF|; 

b) If 9 is special then M is defined uniquely by M up to a unique 
isomorphism in the category MFg*. 

1.2. Extension of scalars. Let S' = S[t'], where t' 2 = t. If M — 
(M°, M 1 , (pi) G MF^ then M ® s S' : = (M° ® 5 S', M 1 ® 5 S', y?i ® ff) G 
MFf,. (Here a(s) = s 2 for any s G S'.) 

If M' = (M'°, M n , p[) G MF^ then ^(M' 1 ) = {<f[(m) | m G M' } 
has a natural structure of S- module and coincides with M° if M' = 
Ai®sS'- This fact implies easily the following criterion of the existence 
of a descent of M! to S. 

Proposition 1.3. If M' = (M'°, M' 1 , tp'j) G MFf, then the following 
two properties are equivalent: 

a) M = (M°, M 1 , G MF^ is such that M' = M®s S' ; 

b) if M° = ^[(M' 1 ), M 1 = M' 1 n M° and ^ = ^| M i £/ien 
A< = (M°, M 1 , </?i) G MF^. 

1.3. The category of augmented O-algebras Aug G . Let Aug G be 
the category of augmented O-algebras B = (B, Ib) such that B is a flat 
O-algebra of finite rank and Ib is an ideal of B such that O ~ B/I B 
via the natural map o \-> o ■ 1 B , o E O. 

We shall denote by B et the subobject (B et ,I B et) G Aug G such that 
B et is the maximal etale subalgebra of B and /e et = B et n 

With above notation let J^ c be the ideal of topologically nilpotent 
elements of Ib- Clearly, I l £ c n /B e * = kIb^- Denote by is (2) the ideal 
of all b e I B such that 6 2 G 2J B and by J B (2) ioc - - the ideal of all 
b G I B such that b 2 G 2/jf . Clearly I B (2) = Ib{2) 1oc + n e I B *t- 

Let J B = Ib{2) 2 + n e I B {2). Then J B = J B + 2I B *, where J B = 
Jij(2) ioc / B (2) + 7r e /ij(2)' oc . Notice that J B is provided with the standard 
PP-structure by the map b >->■ —b 2 /2, b G Jb, and J B is the maximal 
ideal in J B where this PP-structure is topologically nilpotent. 

We shall denote by Aug^ the following category. Its objects are the 
objects of the category Aug G and for any B±,B 2 G Aug G , 

Rom Aug * o (B 1 ,B 2 ) = Rom Augo (B 1 ,B 2 )/R, 
where R is the following equivalence relation: 



(> 
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if Hom Augo (Bi, ft) i/ien /1 ~ / 2 /1 = h mod J Ba . 

1.4. Families of augmented O-algebras Aug (.M), M G MF|. 
Suppose M = (M°, M 1 , <^i) G MF| and the vector m 1 = (mi, . . . , m*) 
is such that its coordinates form an S-basis of M l . One can verify that 
m 1 can be chosen in such way that the following two conditions CI 
and C2 are satisfied: 

CI: i/ie non-zero images of all m\, 1 < i < u, in M°/tM° are 
linearly independent over k; 

C2: m 1 = (m 1,/oc , t e m et ) where 

a) the coordinates of m et form an S-basis of M 0,et and (pi(t e m et ) = m et ; 

b) if m loc = ipi(m 1,loc ) then the coordinates of m loc mod t form a basis 
fM°> loc = M°' loc ® 5 k over k. 

Let m° = (m loc , m et ). Then the coordinates of fh° form an S'-basis of 
M°. Denote by U the (n x n)-matrix with coefficients in S such that 
m 1 = fnPU . By condition CI, for appropriate S'-matrices U\ and U2, it 
holds m 1 ' 1 ^ = m loc \J x + m et (tU 2 ). 

The above chosen data: the vectors m°,rh l and the matrix U G 
M U (S) — completely describe the structure of M. G MF^. Choose C G 
M u (0) such that C mod 2 = U modt 2e with respect to the identification 
Kso- Define the O-algebra A = 0[X]/Za, where X = (X^ ...,X U ), 
Ia = 1a,k H 0[X] and Ia,k is the ideal in K[X] generated by the 
coordinates of the vector (— 1/2)(XC)' 2 ' — X. (For any matrix a = 
(ctij) we set := (a?-).) 

Proposition 1.4. Wzi/i above notation A is a flat algebra of rank 2 n 
over O. 

Proof. Indeed, it can be deduced from condition CI (similarly to Lemma 
2.2.2 from [1J) that C {2) divides the scalar matrix 2I U in M u (0). (Note 
that C divides vr e / u .) This implies that the ideal is generated by 
the coordinates of the vector X^ — 2(X + V)C^ , where V consists 
of O-linear combinations of XiXj, 1 ^ i < j ^ u. Therefore, there is 
an isomorphism of O-modules 

(1-1) A~® 0!iilM1 OX?...Xt 

and A is flat over O. □ 

For the above introduced algebra A, denote by Ia the ideal in A 
generated by the images of Xi, . . . , X u . Then (A, Ia) G Aug G . 

Definition. Denote by Aug G (A / t) the family of all augmented algebras 
(A, Ia) G Aug G obtained via the above procedure for all choices of m 1 
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(which satisfy the conditions CI and C2) and the corresponding matrix 
C e M u {0). 

1.5. The (/^-lift ij^. Define the functor i : Aug G — > AiJ-g via 

(B,I B )^(I B /J B ,I B (2)/J B ,i fl ) 

where (B,I B ) G Aug G , J B was introduced in Subsection 11.31 and ipi is 
induced by the correspondences b\- > — b 2 /2, b E I B . 

For any M. G MF^ and (A, I a) G Aug (.M), there is a canonical 
morphism Lm : M. — > i(A(M.)) in AiJ^s such that m° h-> Xmod 
and m 1 i-> XC mod Ja- 

Proposition 1.5. TTie above defined lm is a special tpi-lift. 

Proof. Consider M. = M. ®s S/t 2e G M.J-S- Clearly, the natural pro- 
jection M. — > M. is a special <^i-lift and lm is the composition of this 
projection and a unique Zm G Hom^jr s (A^, l m (M)). 
Let M = (M°, M\ ipi). Then 

M° = I oi,...,o n eO,X i = X i mod2/ jl } 

m 1 = I oi, . . . , o n e o, (n, . . . ,y n ) = (x u . . .,x n )c} 

where the S-module structure is induced by the given O-module struc- 
ture via the identification nso an d <fi '■ M l — y M° is given via the 
correspondence Y^°iYi ^ E°^«' 
Suppose Zm = (^m^m)- Then 

f° := Ker^ = {j>*^ I e Ja} 

f 1 := Ker4 = | J^ ^ G 

The proposition will be proved if we show T° = T 1 , ipi(T°) C T° 
and </5i|y is nilpotent. 

Suppose v = G T°. Then ^OjXj G J a C Ia(2) and 

£<a?X? e 2/ A . Let (Gi,...,G^) = 2(^ + 7)(C< 2 ))- 1 , cf. the proof 
of Proposition 11.41 Then £\ o?G^ G 2/4 and due to the isomorphism 
(II. ip we can follow the linear terms to obtain that 

(1.2) 2(o?, • • • , oDiC^)- 1 := 2(ai, . . . , a n ) G 20" 

Clearly, there are a[, . . . , a' u G O such that all otf = oti mod 20 and 
fll.2p implies that 

(oi, ...,o u ) = (a[, . . . ,a' u )C mod n e . 

Therefore, ^ o,Xj is congruent modulo 7c e M° to an O-linear combi- 
nation of the coordinates of the vector (Yi, . . . , Y u ) = (X±, . . . , X U )C. 
In other words, v G M 1 , i.e. T° = T 1 . 



8 



VICTOR ABRASHKIN 



If v — ^2 o'jYi, then 

<P! (v) = o?X t = -v 2 /2 + oWjYiYj e J a mod 21 A 

implies <pi(T°) C f°. (Use that J A is a DP-ideal and I A {2) 2 C J A .) 

Finally, let = 5 and for n ^ 0, 5 n +i = <pi(i>n)- We must prove 
that for n ^> 0, v n = 0. 

Let A' = O [Fi , . . . , Y n ] . Then A' is an O-subalgebra in A given by 
the equations 

(F 1 2 ,...,F n 2 ) + (F 1 ,...,y;)(2^ 1 ) = o. 

Therefore, any element a e A' can be uniquely presented in the form 
a= Yl o il ... is (a)Y h . . .Y is , 

l^i±<---<is^u 

where all Oj 1 ...j s (a) G O. Set £(a) = Oi(a)Y 1 + - ■ • + o u (a)Y u . Notice that 
if I a 1 is the augmentation ideal of A' generated by Y ± , . . . , Y u and a G 1% 
then all Oj(a) = 0mod7r e (use that 2C~ 1 = 0mod7r e ). This means that 
if a 1 ,a 2 G I A > and a x = a 2 mod/^, then £(a x ) = £(a 2 ) modn e I A i. 

With above notation let v o = X] an d for all n ^ 0, v n+ i = 
—v 2 /2. Clearly, all v n G J A and there is an iVo ^ such that Vn G 2/a- 

For n ^ 0, set -u* = £(?;„) and denote by p : A' — > A/2 the 
composition of the natural inclusion A' into A and the reduction map 
A — > A/2. 

Lemma 1.6. p(v*) = v n mod(n e M l ) . 

Proof of Lemma. Use induction on n ^ 0. 
Clearly, t> = Vq and p(t>o) — ^o- 
Suppose p(t>*) = t5 n mod(7r e M 1 ). 

If v* = J2o\ n) Y h where all of ] G O, then w n = + a with 

a: G Therefore, 

^n+i = -^/ 2 = ^ o-" )2 Xj mod 

* \ ^ (n)2 v j e r 

w„+i = 2^°i ^mod7r I A , 

and p(f*+i) = (pi(p(f*)) = tpi(v n ) mod(7r e M 1 ). The lemma is proved. 

□ 

Finally, the above lemma implies that vn G i\ e M x and, therefore, 
vn +i = <Pi(vn ) € 7r 2e M° = 0. The proposition is proved. 

□ 
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1.6. The maps 0* and Suppose B = (B,I B ) G Aug and B et = 
(B et ,lBet) is the maximal etale subalgebra in B. Then J^et = 21 b^ 
and i{B et ) = (Ib^/^Ib^j^Ib^/^Ib^^i) G M-Fs admits a (unique) 
special ^i-Hft £(£ e *) G MF^' e *. 

Introduce m(B et ) = (2I b ^/2ttIb^, 2I B ^ /27iI B ^, <fi) G MTg, where 
<f 1 is induced (as usually) by the map a !->■ — a 2 /2, a G 2J B et. Clearly, 
m(£ e *) admits a (unique) nilpotent ^i-lift M(i3 e *) G MF*'"" 1 '* and the 
identity morphism on /get induces the natural morphism 

u{B et ) : M{B et ) — >• £(£ e ') 

in the category MF^. 

Suppose M = (M°, M 1 , ipi) G MF| and A = (A,I A ) G Aug (.M). 
Introduce the map 

: Eom Augo (A,B) — ► EamMjr B (M,L(B)) 

by attaching to F G HomA U g £>) the morphism of filtered modules 
0(F) = lm ol(F). (We always use the rule of composition (fog)(x) = 

g(f(x)).) 

Proposition 1.7. With the above notation: 

a) is surjective; 

b) if either B et = S et or M mult = then 9 is bijective; 

c) there is a natural strict action of the group HomMF|(A / i muW , S(B et )) 
on HoniAug (A, B) and the corresponding equivalence relation R co- 
incides with the equivalence relation from the definition of Aug^ in 
Subsection \1.3\ 

d) induces the bijection 0* : Kom^^A, B) — > Hoin^^ (.M , t(B)). 

Proof. Suppose A = (A, I a) G Aug (.M) is given via a special choice 
of vectors rh° and m 1 with the coordinates in M° and, resp., M 1 , and 
the matrix C G M u (0) from Subsection 11.41 

Lemma 1.8. Supposeb G I U B is such that (-l/2)(fPC) {2) = b°modJ B . 

Let £(b°) be the set of all b G Ijj such that b = 6° mod Jb and it holds 

(-l/2)(bC) {2) =bmodJ B - Then 
' a) C(b°) ^ 0; 

b) «/ 61,62 e C(b°) then x = h - b 2 G J U B and (-l/2)(xC)^ = 
x mod Jb ■ 

Proof of Lemma. The vector b = b° + x G £(b°) iff x G Jg and 

(-l/2)(a;C) (2) - s = 6° + (1/2)(6°C) (2) mod J B . 

Notice that V = (Jb/Jb)" has a natural structure of a finite dimen- 
sional vector space over k and the correspondence x h> (— 1/2)(xC)^ 2 ^ 
induces a cr-linear morphism (p : V — > V. By an elementary result 
of cr-linear algebra, (p — id : V — >■ V is surjective (use that k is alge- 
braically closed). This proves the part a). The part b) follows easily 
from the congruence faC)® = (6 2 C) (2) + (xC)^ mod2J B / B (2). □ 
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Notice that Rom M jr s (M, l(B)) = 

{b°mod.J B | b° G I U B , (-1/2)(6°C) (2) = 6° mod J B }, 
Rom Augo (A,B) = {bEl u B \ (-1/2)(6C) (2) = b} 
= {bmodJ B \ beI u B , (-1/2)(6C) (2) = 6 mod J B } 

and the map is given via b mod J B i— > b° mod J B . 

Therefore, the part a) of Proposition 11.71 follows from the part a) of 
above Lemma. If x is the vector from the part b) of above Lemma and 
then the correspondence rh i— > x identifies 

Hom MF| (M,M(£ e *)) = Hom^ s (Ai mult , M(B et )) 

with HomMJ r s {-M mult , m(B et )). This implies the part b) of Proposition 
11.71 With the above notation the correspondence b h- > b + x determines 
the action of Rom MF% (M mult ,£(B et )) on Hom Augo (A, B) . One can 
easily verify that this action is strict and G induces the bijection of the 
corresponding quotient HomA Ugo (*4, B)/R and Hom^^ (.M , l{B)). □ 

Remark, a) By condition C2, rh° = (rh loc , rh et ) and therefore we have 
the corresponding presentation x = (x loc ,x et ), where x is the vector 
from the part b) of Lemma 11.81 One can easily see that x et = 0. In 
particular, the shifts by all above vectors x determine a strict action of 
Hom^ (M mult , i{B)) on I U B mod J B . 

b) One can easily see that if Ai G y[p e ^ mult anc i = $ et then 

Uom AvSo (A,B) = Rom M T s (M 7 E(B e % 

Corollary 1.9. If B G Aug (jV) with Af G MF| then the above iden- 
tification O* induces a functorial in both arguments embedding 

^* : HomMF« (Ai , M) — ► Rom Aush (A,B) 

and the correspondences Ai i— > A (and Af i— )■ B) induce a faithful 
functor ^* : MF|* — > Aug* Q . 



1.7. Group schemes SpecA, (A,I A ) G Aug (.M). Suppose Ai G 
MF^ and A = (A, I a) G Aug (.M) is given via a special choice of vec- 
tors m°, rh 1 and matrices U G M U (S), C G M u {0) under assumptions 
C\ and C 2 from Subsection 11.41 

We can describe the structures of Ai © Ai and A ©o ^4 via the S- 
basis m° © {0}, {0} © m° for M° © M°, the S-basis m 1 © {0}, {0} © m 1 

for M 1 © M 1 and the corresponding matrices ( ^ ^ J G M 2u (S') 

and ^ ^ ^ J G M 2u {0). (One can easily see that these data satisfy 
the assumptions CI and C2 from Subsection 11.41 ) Note that A = 
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0[X]/Xa, where the ideal I a is generated by the coordinates of the 
vector {{XC)^ +2X)C^\ 

A <8 A = (A ® A, I A ® A + A ® Q I a) G Aug (JW) 

and 

A ® A = 0[X (8 1, 1 8> X]/(X4 <8 1, 1 <g) X A ). 

Let e : A — ► = O be the natural projection and let A^ = 

^*(V) £ Hom Au gj(^., .A <8 A), where y : A4 — > M ® M is the class 
of the diagonal morphism in the category MF|*. 

Let La be the set of all A G HomA ugo (v<4, .4. <8> A) such that: 

• A modi? = A^; 

• G = SpecA becomes an object of the category Gio when provided 
with the counit e and the coaddition A. 

Proposition 1.10. a) Ca 7^ 0; 

b) If Ai, A 2 G £^ then the corresponding coalgebra structures on A 
are transformed one into another via an automorphism f G Aug G (^4) 
such that f ~ id.4 (i.e. f and id.4 coincide in the category Augp). 

R 

Proof. Let X = (X loc , X et ) with respect to the presentation m = 
{fh loc , m et ) from condition C2, cf. Subsection 1.2. For A G £^4, set 

A(X) = (A(X loc ), A(X et )) = X®1 + 1®X+], 

where J = (j 100 ,^ 1 )- 

Note that J 6 ' does not depend on a choice of A G C-a- This implies 
that G et := SpecA 6 ' G Gr^ when provided with the coaddition A et = 
A\a^ and the counit e et = c\a^- More explicitly, A et = 0[X et ] with 
the equations i]X et ^ = X e * mod2/^ei, where 77 = —n 2e /2 G O*, and 
A(X e *) = X e * <g> 1 + 1 <g> X e * mod 27 A e^ A e* . 

Let G^* := G et ® k = SpecA^'. Remind that the /c-module of 
symmetric Hochschild 2-cocycles Z 2 ym (Gf) consists of symmetric 7 G 
lA et cz>A et such that 

k k 

(A <g> id) 7 + 7(8)1 = 1(8)7 + (id (8) A)7. 
The corresponding /c-module of 2-coboundaries equals 

£ 2(G ,e t) = {A e. (7) _ 7 ^ 1 _ 1 ^ 7 I 7 G C Z^jGf ) 

We have the following two facts: 

• Suppose 7 G Z 2 ym (Gf) and mult : A|* ® Af — >■ A|* is the mor- 
phism of multiplication. Then 7 G B 2 (Gf) mult (7) = 0. 

• If X et = (Xf, Xf*J then the elements S + (Xf* . . . Xf*) modn, 
where s ^ 2, 1 ^ i\ < ■ ■ ■ < i s ^ u et and 5 + = A — id <g> 1 — 1 <8> id, 
form a /c-basis of B 2 (G e k t ) and the correspondences S + (Xf* . . . Xf*) >->■ 
Xf* . . . Xf* determine the /c-linear embedding u : B 2 (G e k t ) — > I a mod ir. 
Note that" for any a G B 2 (Gf ), a 2 G B 2 (Gf) and w(a 2 ) = w(a) 2 . 
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Now notice that A depends only on the residue 

J mod J A ® A G J A(g)A mod J A ® A = 2I u Mt ^ Mt mod(27rJ A «* (8 A«>t) 

Let j = 2amod27rI A et® A et, where a (A) = (a loc (A), a et ) G I A e ttS)A ef 
We have the following properties: 

a) A defines a morphism of augmented algebras iff (aC)^ + a has 
all its coordinates in TrI A et^ A et. 

b) A determines a structure of commutative group scheme on G = 
SpecA iff amodTrI A et^ A et has all its coordinates in Z% (Gf). 

c) 2idc = iff a loc mod irI A et® A et has all its coordinates in B 2 (Gf). 

The proof of property a) uses the equations (— 1/2)(JC)^ = X 
for A, the property b) is equivalent to the axioms of coassociativity 
and cocommutativity for G. As for the property c), note that = 
2id G (X) = mult(A(X)) = 2X + mult(j) and, therefore, multy oc has all 
its coordinates in J A ® A or, equivalently, mult(o;' oc ) = 0mod7r/^ e t. 

Now we can finish the proof of Proposition 11.101 

Let A G A^ be such that 

A Q (X loc ) = X loc 1 + 1® X loc mod J mA . 

This means that a(Ao) = (0, a et ) and by the above properties a)-c), 
we have A G C A . 

Suppose A G C A and a(A) = {a loc {A),a et ). Let 7 = {^ loc , 0) G 1%* 
be such that 5 + (j loc 1 mod 71 T A et) = a loc mod 7r I A ^t^ A et . We can assume 
that , y loc = co(5 + a loc ) and, therefore, (fyCp 2 ' +7 has all its coordinates 
in 7rI A et. Therefore, there is a unique F G HomAu go (A, A ® .4) such 
that F(X) = X + 27 mod J A ® A . Clearly, F ~ id^ in Aug^. 

In addition, A (F(X)) = A (X + 27) = 

(X loc ® 1 + 1 ® X loc + 2A e '(7' oc ), A (A 6 *)) 

= (X loc ® 1 + 1 ® X loc + 2f oc + 2(7' oc (81 + 1® 7' oc ), A(X e ')) 

= (F®F)(A(X))modJ A0 A. 
Therefore, FoA = A o (F <g> F). The Proposition is proved. □ 

1.8. Functor Q Q . 

Proposition 1.11. There is a functor Qq '■ MF^* — > Gtq such that 
its compositoon with the forgetful functor Gr* — > Aug^ coincides with 
the functor \&* from Corollary M.iA 

Proof. For % = 1 , 2 let 

• Aii G MF| with specially chosen vectors m-, m\ satisfying the 
conditions CI, C2 fom Subsection 11.41 

• A% = (Ai,I Ai ) be the corresponding augmented O-algebras with 
the coalgebra structures uniquely given by the coadditions Aj : A4 — > 
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Ai <g) A4 such that A, G \l/*(Vi) (where v« are the diagonal maps from 
M, t to © Mi) and A,(X^ oc ) = Xf c g> 1 + 1 ® Xf c mod J Ai0Ar 
Denote the corresponding group schemes SpecAj = G Gro- 
Suppose / G Hom,v(jr s (6(A^i), i(M.2)) = Hom M F|* ( -M i , M2) and 
F G Hom Augo (A,^2) is such that F G **(/). Then 

(F ® F)(Ax(Xx)) - A 2 (F(X0) G J A2 ^ 2 . 

Let a = (a loc , a et ) be the vector with the coordinates in l A f®Af such 
that 

(F ® F)(Ai(Xi)) - A 2 (F(X X )) = 2a mod J a ^a 2 . 

Note that if F e * := F\ A « then the congruence (F e *®F e *)(Ai(Xf )) = 
A2(F e *(Xf*)) mod 2^2* implies that a et = and F et induces a mor- 
phism of etale group schemes Gf — > Gf. 

Using that F is a morphism of augmented O-algebras we obtain that 
(aC)^ + a has all coordinates in nI As t^ A et. 

One can verify easily that a mod ir I A et^ A et has all coordinates in 
Zg ym (Gf <S> k) and using that for i = 1,2, 2id ( y j = A G . o mult we 
obtain that a, mod 7r I A et ®Af nas an coordinates in B 2 (Gf <8> 

Let 7 = (7 ioc , 0) be the vector with coordinates in I A et such that 
7 mod Tr/^et = w(a modTr/^t^et). Then 

A^f^) = 7®l + l®7 + a mod irI A f® A et 

and (7C)^ 2 - ) + 7 has all coordinates in nI A et. This implies that there 
is an F' G Aug (A,^ 2 ) such that F'(Xf ) = F(Xf ) and F'(X ioc ) = 
F(X{ oc ) + 27 mod Ja 2 ®a 2 - Therefore, 

(F' ® FOCA^XO) = A 2 (F'(X 1 )) mod Fw 2 , 

and Ai o (F' <g> F') = F' o A 2 . This proves the existence of F' G **(/) 
such that SpecF' G HoHiG ro (G2, Gi). 

Similarly, one can verify that if F" G ^*{f) is such that Spec(F") G 
HomGr (G , 2, Gi) then F' and F" are equivalent in the category Gr^ 
with the obvious inverse statement. The proposition is proved. □ 

1.9. Full faithfulness of Q Q . Suppose M = (N°, N 1 , cpi) G MF| and 
g Q (M) = SpecF. 

1.9.1. Special construction of B. Use the following special case of the 
construction of the O-algebra B from Subsection II .41 

Let n\, . . . , n l u be an S'-basis of X 1 such that there are Si, . . . , s u G S 
and an S'-basis ni, . . . ,n u of X° such that for 1 ^ i ^ u, n\ = SjTij. 
One can easily see that this choice of n 1 = (n\, . . . , n*) can be made 
in such a way that the conditions CI and C2 from Subsection 11.41 are 
satisfied. Also notice that all Sj divide t e . 

Set n° = y^ifn 1 ) and let the matrices U G M U (S) and ?7q G GL u (S) 
be such that n 1 = n°[7 and n°C/ = n := (ni, . . . , Then £/ = Z7qC^i, 
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where U\ = is diagonal. Choose Q = (^jj)^^-^ G 

M„(0) and D G GL u (0) such that resell modt 2e ) = f2mod2 and 
k so {Uq modt 2e ) = D mod2. Then for Y = (Y 1 , . . . , Y u ), the O-algebra 
B is the quotient of 0[Y] := 0[Y 1: . . . , Y u ] by the ideal generated by 
the coordinates of the vector 

((YDO)® + 2F) (Daf^ 1 

Then in the new coordinates X = (X\, . . . , X u ) := YD, B is the quo- 
tient of 0[X] := 0[Xi, . . . , X u ] by the ideal generated by the elements 

Here C = (c^) = -D -1 , and for all i, = — 2/?f 2 . With this notation, 
the counit e : — > O and the coaddition A : B — > B ®o B are 
uniquely recovered (in the category Gr^) from the conditions e{X i ) = 
and A(Xi) = Xi <g> 1 + 1 ® X { _ mod J b ®b- 

Remind that X = (X loc ,X et ), where for u = dim fc N°> loc , X loc = 
(Xi, . . . , X Uo ) and X et = (X Uo+ i, . . . , X u ). Then the condition C2 im- 
plies: 

• for l^i^uo, Xi,Xf/rh G /jf ; 

• for uq < i ^ w, r^j G O* and Xi G /set. 

Therefore, the matrix C = (cy) has the following block structure 
C = ^ £° ^ et ^, where C G GL U0 (O), C7 et G GL u e< (O) with w et : = 

u — u Q , C = mod7r. In particular, 

• if C = (cij) and D = C^ 1 = (dij) then Qj = = mod7r if either 
i < m < j or j < m < «■ 

Let 5 + Xj = jj G /_b^b, 1 ^ i ^ u. The coordinates of the vector 
3 = (?° c , f*), where y° c = (ji, . . . , j Uo ) and f* = (j Uo+ i, ...,j u ), appear 
as the solutions in Ib®b of the following system of equations with 1 ^ 

i ^ u, 

(1.3) j s c si = -^Xj <g> Xi - (^Xi <g> 1 + 1 <g> f/iX)jj - 77^/2, 

The coordinates of J 6 * are determined by these equations uniquely and 
belong to the ideal Jb- The coordinates of f oc are unique under the 
assumption that j±, . . . ,j UQ G Jb C J#. 

Remark. One can easily verify that the above system of equations 
when considered modulo any DP-ideal I of B such that I C Jb has a 
unique solution J mod / under the assumption that for 1 ^ i $C -u , all 
ji G Jb. 
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1.9.2. The ideals Ib(oc) and Ib{c() 1oc , ol G O. In the above construction 
of the O-algebra B, any a G Ib can be uniquely written as 



where (by our general agreement from Introduction) i = (ii,...,i u ) 
is a non-zero vector with the coordinates ii,...,i u G {0, 1}, and all 
coefficients Oi = Oj(a) belong to O. 

Definition. For any a G O, set 

a) is(a) := {a G Ib | all (oj(a)X 1 ) 2 G aI B } 

b) I B (a) loc := {a G / B | all (o;(a)Xi) 2 G a/^ c }. 

Note that for any 1 ^ i ^ u , Xi G lB(Vi) loc but for u < 2 ^ u, Xi ^ 
lB(Vi) loc = I 1 b c - ^ n addition, for arbitrary a G O, the O-modules is (a) 
and Ib{o) 1oc depend generally on the above chosen special construction 
of B. Nevertheless, one can verify that: 

• for any a G O, Ib{&) and Ib{oi) 1oc are ideals in B; 

• for a\2, it holds is (a) = {a G Ib \ a? G alg} and Ib{oi) 1oc = {a G 
Ib | a 2 G aljf }. 

The above ideals / = Jb(o:) or / = Ib{o) 1oc satisfy the following 
property: 

(1.5) a = J2°i xieI OiX 1 ^ 1 



We need below the corresponding property for the ideals Jb and Jb- 

Proposition 1.12. The ideals Jb and Jb satisfy the property 11.51 

Proof. Any element of Jb is a sum of "elementary" elements of the 
form and 7r e Oj i X-i, where o^X-i , o^X- 2 G 1^(2). It will 

be sufficient to verify property (11.51) for such elementary elements. 
If a = 7T e Oi i X l1 there is nothing to prove. 

Suppose a = o^X^o^X 1 * and i x = (i u , . . . , i u i), i 2 = (i u , . . . , ita). 
Use induction on the number v = v(a) of 1 ^ j ^ u such that iji = 
i j2 = 1. 

If z/(a) = then ii + i 2 — i and there is nothing to prove. If v{a) ^ 1 
and, say, ij\ = iji = 1 use the identity Xj = ■ rjj J2 S X s c S j to rewrite 
a as a sum of elements with smaller z/'s and, perhaps, elements of the 
form TT e I B (2). 

The case of the ideal Jb can be considered similarly. □ 

Remark. For any a G O we shall denote below by /§(«) and I§(a) loc 
similar ideals of the O-algebra B = B ®o O. Clearly, they also satisfy 
the above property (11. 5p . 



(1.4) 
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1.9.3. Recovering J\f. 

Proposition 1.13. If lm(N) = (N°, N\ tpj then 

N° = {amod.J B \ a G I B ,S + (a) G Jb®b} 
Proof. Suppose a = J2i G Ib and 5 + a G Jb®b- Note that 

5 + {a) = °i xil ® xi2 mod J b®b 

Then Proposition 11.121 implies that all o^X- 1 ® X- 2 G Je^s and, there- 
fore, all OjX 11 -X- 2 G J#. This means that all non-linear terms amongst 
OiX- (i.e. the terms with r(£) = i x + ■ ■ • + i u ^ 2) belong to Jb- □ 

Using that the ideals J# and Jb®b depend functorially on the group 
scheme Go{N) (i.e. do not depend on a choice of the special construc- 
tion in Subsection ll.9p we obtain the following property. 

Corollary 1.14. The functor Qq is fully faithful. 

In Subsection |3] we need the following version of Proposition 11.131 
Suppose B = B ®o O and a = ^\ OiX % - G Ib, where all Oj G O. 
Denote by jf the ideal in B generated by fjiXi ® Xj, 1 ^ z ^ «o, and 
all elements of 2/j^g. One can easily prove (use relation ll.3p that all 
ji, . . .,j U0 belong to jf. 

Proposition 1.15. If 5 + a G J7" then all djX- with r(i) ^ 2 belong to 
^mB- 

Proof. This is implied by the following observation: if b G /b®b is a 
monomial, 1 ^ « ^ u and 6r/jXj £g> Xi contributes to the coefficient 
for a monomial X 11 <g> X i2 in <5 + (a) then 6 should be divisible either by 
Xi £§> 1 or by 1 <E> Xi . (Use that z x and z 2 have no common coordinates 
equal to 1.) Then bfjiXi ®I«6 2ljf| B because fjiXf G 2/jf. □ 



2. Functor £?5 o 

In this section we prove that any G G Gro from the image of Qo 
has a canonical descent to O , G G Gr Go . Therefore, the fully faithful 
functor Qo appears as the composition of the fully faithful functor 
Qq o : MF^* — > G T o w ith the extension of scalars Gtq — > Gr^. 

2.1. The uniqueness of a descent to O . 

Proposition 2.1. a) Suppose G = SpecA G IrnQo, e : A — > O is 

the counit and I a = Kere. If there is an (Aq,Ia ) G Aug G such that 
(Aq, Ia q ) ®o O = (A, I a) then Go = SpecAo has a natural structure of 
an object of the category Gr Go such that G ®o O = G; 
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b) Suppose G , H G Gr Go and G = G ®o O and H = H <8> 0o O 
are in the image of Qo ■ Then the natural map />—>■/ <8>o O induces 
the identification HoniGr 0o (G , H ) = Hom Gro (G, H) . 

Proof. It will be sufficient to prove that A(Ia ) C Ia ®a i where A is 
the coaddition on A. 

Let GsA(K / K ) = {id, r} and A^ = (r®r)oAor is the conjugate to 
A. In other words, if bi, ... , b u is the O -basis of Ia and for 1 < i < u, 
A(6i) = bi <g> 1 + 1 ® 6i + Efe,« aw&k ® &j with all ct fci G O, then A^ (&;) = 
6j ® 1 + 1 (8) 6j + X}fc,j T (®ki)bk ® Using that all r(a M ) = a fci mod 27rO, 

we conclude that for any a G Ja, A^ T ^(a) = A(a) mod Ja®a- Therefore, 
by results of Subsection II. 6[ A = A^ T ^ and all G 0$. The part a) is 
proved. 

The part b) follows by similar arguments. □ 
2.2. The existence of a decent to O - 

Proposition 2.2. Suppose G = SpecA G Im(?o an d I a = Kere, where 
e : A — > O is the counit. Then there is an (Aq,Ia ) G Aug 0o such 
that I A = I Ao ®o O. 

Proof. Use induction on the order \G\ of G. 

2.2.1. The case \G\ = 2. Here A = 0[X], where X 2 = rjcX with 
r] G Oq, r}\2 and c G O*. Clearly, we can take A = O [c _1 X]. 

2.2.2. Tame descent. Suppose K Q is a tamely ramified extension of K 
of degree e . Let 7i' be a uniformising element of K' Q such that n' e ° = n . 
Let i^' = K' (tt'), where tt' 2 = n . We can assume that n' e ° = n. The 
field extensions K' Q /K and K'/K are Galois, their Galois groups are 
cyclic of order eo and can be naturally identified. Denote by O' and 
O' the valuation rings of K' and, resp., K' . 

Lemma 2.3. Let G G Gr and G' = G ® O' G Gr /. Then: 

a) G is in the image of Qo if and only if G' is in the image of Qo r , 

b) G admits a descent to Oq if and only if G' admits a descent to O' . 

Proof. The proof is based on a straightforward application of the crite- 
rion of tamely ramified descent. In the case of O'- algebras this criterion 
can be stated as follows: 

• Suppose A 1 is a flat O' -algebra and t is a generator of Gal(K' / K) . 
Then the existence of a flat O- algebra A such that A' = A ®o O' is 
equivalent to the existence of a r-linear automorphism f of A' such 
that f e ° = id.A' and f Cg>o k = id^fc. 

Then one can state a similar criterion for the objects of MF^°, e where 
S' is a tamely ramified extension of S of degree eo and deduce the part 
a) from the fact that tame descent data for G' = Go'(M') induce tame 
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descent data for M.' . Similarly, the part b) can be proved from the 
fact that tamely ramified descent data for G' induce tamely ramified 
descent data for G' (use the uniqueness of G' given by Prop 12. lj ). □ 

2.2.3. Lubin-Tate formal group law. Consider the formal Lubin-Tate 
group law with the logarithm 

l LT {X) = X + X 2 /2 + ■■■ + X 2 "/2 n + ■ ■ ■ e Q 2 [[X}} 

This means that for any 2-adic ring R its topological nilradical m(R) is 
provided with the structure of abelian group via the operation [/] + [g] = 
[P(f,g)], where /, g G m(R) and for indeterminantes X, Y , 

P(X,Y) = llUlMX) + l LT (Y)) g Z 2 [[X,Y]\. 

We have the following simple properties: 

• If] + [9] = [Po(f, g)} + ---+ [Pn(f, g)} + ..., where all P n G Z 2 [X, Y] 
and degP n = 2 n . In particular, P = X + Y, P 1 = -XY, P 2 = 
-XY(X + Y) 2 ; 

• -[/] = [-/] + [-p} + ---+[-n + ••• 

«[2](/) := [/] + [/] = [2/] + [/ 2 ] + [-2/ 2 ] + ---+[-2/ 2 "]+...mod4m( J R). 

2.2.4. The case \G\ > 2. By replacing O by its suitable tamely ramified 
extension we can assume that G = Qo{M)-, where M. = (M°, M 1 , (fi) G 
MF| is such that for u > 1: 

• there is an S'-basis m 1 , n\, . . . , of M 1 and an S'-basis m, n\, . . . , n u 
of M° such that (pi(m l ) = m and for 1 ^ % ^ u, there are s~i G S, s~i\t e 
such that n\ = SiUi, ipi(n\) — 2~2j n j u ji, where (uij) G GL U (S); 

• there is an s G S, s\t e such that m 1 = sm + Yli a i n i> where for 
1 ^ i ^ u, the coefficients «j 6 5 and t e 5~ 1 a i = Omodsj. 

The above conditions simply mean that M = (iV , iV 1 , y^) G MF|, 
where N° = J2i ^ n h N 1 = J2i an d there is a short exact sequence 
in MF% 

— > N — > M — > M s — >0 

where Ai§ — {Sm, Sm l ,(fi) with m 1 = sm and (pi(fh l ) = m. We 
shall always assume that the above data for the structure of M G MF| 
satisfy the assumptions CI and C2 from Subsection 11.21 

Note that in the above description of M. G ExtMF|(A^s, W) we can 
replace m by m' = m + v and m 1 by m 1 ' = m 1 + v 1 , where v G N°, 
v 1 G N 1 and v 5 ^ 1 ) — v - Then m 1 ' = sm' + ^ c^n^, where 

^2 a 'i n i = ^2 aiHi + yl ~ 
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In particular, if s G S* we can always assume that 



(2.1) ^a.rii e N 1 +tN { 



In terms of the corresponding O-algebras we have: 

• A = A(G) contains the O-algebra B = 0[Xi, . . . , X u ], where Xf = 
ViY,j X j c ji wit h Vi = £ O and 7/- mod 2 = K S o(Si mod t 2e ), 
1 < i < u and C = (c^-) G GL u (0); 

• A = 5[Y], where (r/T + ^. r^X;) 2 + 2F = or, equivalently, 



with ?/mod2 = Kso{s mod t 2e ), rjHiod2 = Kso( a i modi 2e ) and 



for all 1 ^ i ^ u (this follows from the above congruences t e s l on = 
mod Si). 

Let h = Yli r iXi G Ib- Then (12.31) implies that h 2 G fjls- In 
particular, if fj ^ Oq then /i G J^ c . If 77 G Oq then f!2.ip implies that 
again h G I l £ c . Therefore, fjY G J^ oc . 

By the inductive assumption, there is an augmented flat Oo-algebra 
(Bq,Ib ) such that Ib = Ib q ®o O. Therefore, h = bo + nbi, where 
6 G I 1 ^ and 61 G I Bo - 

From now on we use the Lubin-Tate group law. Clearly, there is 
Y' G I A such that [fjY'} = [fjY + fj'h] - [fj'b ] - [fj'b x \. If fj <£ 0* Q 
then Y' = YmodirI A and if fj G O* then Y' = Ymod(YI l £ c + vrijf ). 
Therefore, A = B[Y']. 

The equation for Y' can be found as follows. From (12.21) we obtain 
that (fjY + fj'h) 2 = -IfjY. Then using the properties of the Lubin-Tate 
group law from Subsection 12.2.31 we obtain: 



[2}(f}Y') = [2(f}Y + fj'h)] + [-2fjY] - ([2}(fj%) + WtfirbJ) = 
-[fjb 2 ] - [fjTTobl] - h 2 (^o) 2 1 " E h 2 (^o6?) 2 1 modA(fjI A f 



Here (fjlA_) loc coincides with fjl^ if fj ^ Oq and with J^ c , otherwise. 

Notice that h 2 G fjls and, therefore, the right hand side of the 
above congruence equals fj 2 b* G (fj 2 lB ) loc - Using that [2](2(fjlA) loc ) = 
A(fjlA) loc we can replace Y' by Y\ = Y' — 2a with a suitable a G I a such 
that [2](^Yi) =?7 2 6*. 

Finally, if 1 + ffY 2 = exp^T^Yi)) then we still have A = B\Y 2 \ and 
(1 + fjY 2 ) 2 = exp(l LT (fj 2 b*)) implies that Y" 2 2 - rjY 2 = b\ with b\ G B Q . 



(2.2) 




(2.3) 



rjr 2 = mod (or, equivalently, ^r 2 = mod if) 



So, for A = B [Y 2 ), A ® Go O = A. 



□ 
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3. SURJECTIVITY OF Qg Q 

In order to prove that G$ is an antiequivalence of the categories 
MF| and Gro it remains only to prove the following result. 

Theorem 3.1. If Gq E Gr Go then there is an A4 E MF| such that 
g (M)~G ® 0o O. 

The proof will be given in Subsections 3.1-3.11. It uses induction on 
the order |G | of G . 

3.1. The case \Gq\ = 2. If \Gq\ = 2 then there is an n E Oo, n\2, 
such that Go = fi^ where /j, v = Spec Go [X], X 2 = r/X, e(X) = 
and A(X) = X®l + l®X + fjX®X with nfj = -2. We can 
assume that fj = ttq, ^ r ^ e (because fi v ~ fi v > iff rf x r( E Oq). 
Then for M. = (Sm, St r m, <fi) E MF| with (fi(t r m) = m, it holds 
Go{M) =n v ® O0 O. 

3.2. Strategy of the proof. When studying the case |Gq| > 2 we can 
replace Oq by its tamely ramified extension, cf. Subsection 12.2.21 In 
particular, we can assume that in Gro there is a short exact sequence 
— > fi v — > G — > H — > 0, where H = Spec-B , and H = 
H g) 0o O = GoW with Af E MF|. 

Use the description of B = B (g)o O from Subsection 11.9.11 
Namely, B = 0[Xi,...,X u ] with the relations Xf = XjCji, 
where all r/j E O , r/j|2, C = (cij) E GL u (0), e(X i ) = and ji = 
5 + (Xi) = A(Xi) -Xi®l-l®Xi E J b ®b. In addition, if X loc = 
(Xt, . . . ,X Uo ) then ji,...,j UQ e Jb®b- For 1 ^ % ^ u, let fji E O 
be such that rjifji = —2. Because the original elements r]i are defined 
up to units of Oo we can assume that all fji = fj 12 with fj^ E O. Our 
strategy is to use the explicit construction of H — H ®o O from 
Subsection 11.9.11 to describe G = G ®o O as an element of the group 
ExtGr (-^> A*r? ®o O). If O' = 0\k'\ with 7r' 2 = it, we shall prove then 
that G' = G ® O' appears in the form Go'(M'), where M' E MF 2 g, 
with S' = S[t'}, t' 2 = t. 

Finally, we shall prove that the fact that G' admits a descent Go to 

implies that A4' admits a descent to S, i.e. A4' = M. ®s S' with 
M E MF|. So, G = Go{M) and G = G% (M). 

3.3. The group Extcro {Hq,^), [!]• Let O be the valution ring of 
an algebraic closure of K' = K(n r ), B = B ® G O and Jg = Ib ®o O. 

Introduce the (multiplicative) group H = %(Ho, fj, v ) of all elements 
/ E (1 + VI S ) X such that j 2 El+v 2 I Bo and5 x (/) := A^if®/)' 1 E 

1 + VlB <g>B ■ 

Then there is a group epimorphism 6 : H — > ExtGr OQ (Ho, Hn) at- 
taching to / E H, the group scheme Q(f) = SpecA Q E Gio such that 
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• Aq = B [X] where (1 + fjX) 2 = f 2 ; 

• e(X) = and A(l + f)X) = (1 + f)X) <g> (1 + r?X) • <5 X /; 

• Ker6 = (l + 77/ Bo ) x . 

Remark. This result was proved in pQ in a more general context of 
p-group schemes, where p is any prime number. The case p = 2 is much 
easier to obtain. 

Note that if fj ^ O* (i.e. if fi n is not multiplicative) then obviously 
/ G 1 + I l g c . If fj E O* then we can always multiply / by a suitable 
element from (1 + I B et) x C (1 + I B ) X to assume again that / G 1 + 
P? c . This allows us to replace in the above description of the group 
ExtGr 0o {H, n n )i the multiplicative group (1 + /g) x by m(/§) = P? c 
with the Lubin-Tate group law from Subsection 12.2.31 

More presicely, let 5 LT : 1% C — ► and [2] : P? c — > P? c be such 
that for any / G J^ c , 

-M/) = [A(/)]-[/®l]-[l®/]; 
-[2](/) = [/] + [/]• 
Let "Hlt = I-Llt^Hq, n n ) be the subgroup of P^ c (with respect to the 

Lubin-Tate group law) consisting of / G P^ c such that [2](/) G fj 2 lB 
and 5lt(/) G fjI Bo ® Bo . Let 6 LT : "Hlt — >• ExtQ ro A*??) be such that 
for all / G ?/zt, e LT (/) = Q{E{f)), where £(X) = exp(Z LT (X)) is 
the Artin-Hasse exponential. The above mentioned description of the 
elements of the group ExtGr 0o (Ho, fJ-n) will be used below in the form 
of the following statement. 

Proposition 3.2. ®lt is a group epimorphism and its kernel equals 

U L Tn{fji Bo ) = (f)i Bo ) loc . 

3.4. Main Lemma. In next subsections we shall work systematically 
with the Lubin-Tate group law from Subsection 12.2.31 We always bear 
in mind the following agreement: if, say, a G I B appears in the form 
[a] then a is assummed automatically to be an element of P£ c , that is 
the corresponding result of the Lubin-Tate addition is automatically 
well-defined. 

Remind that we use the multi-indices i= (zi, . . . , i u ), where all coor- 
dinates of the vector i belong to {0, 1}. We shall use this indices for the 
abbreviation X- := XJ 1 . . . X*" especially when r(£) := i\ + • ■ ■ + i u ^ 2. 
If r(£) = 1 then this multi-index i appears just as the index j, 1 < j $C 
u, such that i = (8ij, . . . , S u j) (where 5 is the Kronecker symbol). 

The following statement is very similar to the statement appeared 
in [Ab] as the Main Lemma. 

Lemma 3.3 (Main Lemma). If f G T-Llt = 'Hlt{Bq, fi v ) then there 
are: 
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fo e r]I B ; 

for K « ^ «, Oj 6 O and o' a G n'O; 
for all multi-indices i, -Dj G O, 



such that c^q, o'- 



e fjO, DiXi e l B {2) loc , DiX 1 - e 



'loc 
B 



and 



f = [fo] + E + Ki^] + [DiXt]) + 2 E DiXi 




Remark. If fj G O* we can always assume that all o' i0 = 0, i.e. all 
o' i0 Xi disappear by contributing to fo. 

The proof of this Lemma will be given in Subsection 13.61 below. This 
is a simplified version of the proof of the Main Lemma from the paper 
[Ab], where we studied group schemes of period p > 2. As a matter of 
fact this simplified version works equally well also in the case p > 2. 

3.5. Auxiliary statements. The following lemmas admit straightfor- 
ward proofs and are quite analogous to the lemmas from [1]. 

Lemma 3.4. Suppose Ci,...,C u G O, g G I l £ c , (3 G m and g = 



with all CI, G[ G O, dXi = QXi mod I B {f3 ) loc and C L X l - G I B (f3 ) loc . 

Lemma 3.5. Suppose I G {0, 1}. 

a) If o' 1 ,o' 2 G 7i' l O are such that of ,o' 2 2 G fjO , then for any a G I B , 
\o\a\ + [o' 2 a] - [(o[ + o' 2 )a] G f\I B ; 

b) If o' G 7T ,l O, o' 2 G fjO and ai, a 2 G Is #ien 
[o'ai] + [o'a 2 ] - [o'(ai + a 2 )] G 77/5. 

Remark. With the notation from above Lemma [331 note the following 
special cases: 

• [o'a] + [—o'a] G fj I B ] 

• [S LT (o'Xi)} - [o'ji] G fjI mB . 

Lemma 3.6. I/CeO, aiGm and CX { G I B (ai) loc then 



Proof. From the definition of the Lubin-Tate group law it follows that 



EJC^mod/^o)'- Then 



9 = E ^ + E c 'i xi 





2\loc 



(3.1) S LT (CXi) = [CM - \-C\Xi <g> 1 + 1 <g> Xi)ji] - [-C 2 X,i <g> Xi] 

- Y^iC^PniXi + X,, 3l )} - ^P 2 "?^!; ® 1, 1 <g> X,)] 
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Now note that for 1 ^ % ^ u Q , ji G J B C Jb(4)' oc C /b(o|) Zoc and 
if u < i ^ m then C G m and again Cjj G /^(q;^)' 00 - Therefore, the 
first, second and forth terms of the right-hand side of (13.11) belong to 
Ib(o3,) 1oc . As for the last term of that formula it remains to note that 

(i s ( ai y° c ) 4 ci B (a 2 2 y° c . □ 

3.6. Proof of the Main Lemma. Prove that for any a G m such 
that a 1 2, it holds 



a 



2\loc 



(3.2) / = [f a ] + d°io X i] + Wii X i\ + [A**]) mod/ 5 ( 

with 

• /a G ^/b; 



• all o- = o' i0 (a) G O and o' a = o' a (a) G 7r'0 such that o-q, G fjO] 
(If fj E Oq then we can assume that all o^ = 0.) 



all Di G O are such that -DjAj G Ib(o! 



First, there is an ao G m, ao|2, such that our formula holds with a = 
ao- Indeed, if fj ^ Oq then use that f 2 = [2](/) = mod^Ig; otherwise, 
use that [/] — [/o] G m/g, where /o G Jb arid / = /omodm/jj. 

By induction on a it will be sufficient to prove that if (13.21) holds with 
a = Oil G m then it also holds with a = a<i such that (02) = (a\ , 2). 

Apply Lemma 13.41 to obtain 



E^ 1 

r(i)>2 



where all £>• G O, G / 5 (ai) ioc and -D-A i G Ib{oi{) 1oc . 

The condition 5lt(I) G fjlB ®B C fjls^B implies (use Lemmas 13.51 
and 13.61) that 



(3.3) E A 2 ^i ® A, + E ® X ' 2 e W mod W< 



. 2\«oc 



O 



(Recall that all multi-indices i, z 1; z 2 are non-zero vectors with coordi- 
nates or 1. ) 

This implies the following properties: 

a) all DfXi <g> Xi = OjAj ® A, mod/g^a^ witn °i e ^ 

b) all DpC* = o^mod J s (ai) ioc with o £ G fjO. 



The property b) implies that the last summand in (13. 3 j) disappers 
modulo I§(al) loc by contributing to the corresponding / Q2 G 77/3. 

As for the property a), consider the elements o'- G O and d' iX G 7r'0 
such that Oj = o" 2 + o-f mod 2oj7r' and o: 



,//2 „//2 



modoj. 
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Lemma 3.7. [D' t X,] + [-o'^X,] + [-o^X,] = V. D'^X, mod I B (a 2 2 ) loc , 
where all D\ - G O and D'^Xj G ^(a 2 .)^ 

Proof. Suppose 1 ^ i ^ u . In this case Xf G Ib{j]i) 1oc and the property 
{Df-o^X^Xi G I B (a 2 2 ) loc means that (Df-o;)^ e a 2 0. Therefore, 
- o'/ - o^r/, G a 2 0, i.e. - og, - c£)X G J 5 (a 2 )' oc . Also, 
= DfT/j = = o^Tfr ee o^r/; mod ai0 i.e. o^X^X G / 5 (ai) ioc - 



Suppose u < i ^ u. In this case r?j G O*, A G m and Xj, Xf G i|f . 
The relation {Df-o^X^Xi G ^(a 2 ^ 00 means that (Df-Oj)^ G a 2 m, 
Df^ ee (o-'o + o.f)f|,moda 2 m, - o" - o'^) 2 ^ G a 2 m and again 
(A - Q-o - G ^(a 2 ^. Similarly, Dpf, G i^M^ means that 

ee Dfrji ee 0i ?7i ee d'irn = o'ffrji mod aim, i.e. o-' X,c^X G I 5 (ai) ioc . 



Now for any 1 ^ i ^ u, 

[DtXi] + [-oM + ee [(^ - eg, - o^X] 



■[Wtf - [Z^X 2 ] - [-o^X^mod^l 



o 



2\ioc 



where all terms in the right-hand side belong to [l B (ai) loc ) 2 C J^(a 2 ) ioc . 
Thus the right-hand side is congruent modulo Jg(a|) ioc to ^2j[D'ijXj] 
with all LK. G O and £K X,, G I s (a 2 ) loc . Lemma ED is proved. □ 



Finally, we finish the proof of formula (13. 2p by noting that 



[«]+E([(^ + M + [( a + M)» 



where a G 77/5. 

Now use formula (13. 2ft with a = 2. Then 

(3-4) / = [/ 2 ] + E(K X] + [o^X] + DpQ]) + 



r(iSs 2 



where / 2 G 77/5, all Df, Dj' G O, DfX; G 7b(2) Zoc and D'fX 1 - G /b(4)' oc . 

Let J be the ideal in B ®q B introduced in Subsection 11.9.31 Then 
ji, ■■■Juo € and mj uo+ i, . . . ,mj u C J and the relation S LT (f) G 
V^b®b implies that 

/ 



(3.5) 5* 



D 'L XL = J2 D i Xk ® Xi2 E ^bvb mod J. 
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According to Proposition II. Ill in formula (13. 5p all D" = OjHiod2, 
where Oj £ fjO. Therefore, 



J2D'lX*-=[ti} + [2g ] mod 2I B (A) 



loc 



with /q £ 77/5 and go £ 7g c . Then an analogue of Lemma 13.41 finishes 
the proof of the Main Lemma. 

3.7. Elaboration of the Main Lemma. Let D = C~ l = (dij) and 
for 1 ^ i ^ u, 

Ri= ^2 ( x si ® x s 2 + x s 2 ® X Sl )c Slt c S2t dl £ I B ®B- 
t 

Sl<S 2 

Then the property of the matrix C from Subsection 11.9.11 implies that 
all fjiRi £ I l B C m . Indeed, if fjiX sl ® X S2 <£ I l ^ B then 1 ^ i ^ u 
(because fji £ O*) and w < si,S2 ^ u (because X Sl ,X S2 £ I 1 b c ), but 
then c Sl tdu,c S2 tdti = 0mod7r. Therefore, the system of congruences 

(3.6) B ^ = + B2 i) mod W(4)' oc , 1 ^ i < u, 

has a unique solution (I?i, . . . , mod/B®s(4)' oc with all Bi £ I 1 b®b- 
We shall use below the following agreement: if 1 ^ i ^ u and a £ O 
then 7 B (a)^^ will be equal to Ib{o) 1oc ii i and to Ib{ol) if i > u . 
Same agreement will be used for similar ideals Ib<s>b{&), Ib^®), etc. 

Lemma 3.8. With the above notation it holds 

ji = VtX t <8> X t d ti + 2Bi~Y^ Vu(X u g> X u )d u t{fitX t ® 1 + 1 ® 7jLXt)d« 
-2 ^faX* <g> 1 + 1 ® fjX t )B t d ti mod W(16) (i) 

i 

Proof. It will be sufficient to verify by straightforward calculations that 
the congruences from our Lemma transform the congruences (13.61) into 
congruences obtained from equalities (II. 3p by considering them modulo 
W(16)». □ 

One can easily see that the above elements Bi £ Ib®b appear in the 
form 



Bi= ^ ls lS2 i(X Sl <8> X S2 + X S2 ® X Sl ) mod 7^(4) 



ioc 



S1<S2 



where all 7 SlS2 j £ O. Introduce the elements 

Ri — 2^ X sl X S2 c sl tC S2 td'^ i , Bi = r y slS2 iX sl X, 



t Sl<S 2 
Sl<S 2 



Then we have: 
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• (Bi, . . . , B u ) mod/s(4) Zoc is the unique solution of the congruences 
E s B s c si = fji{Ri + B?) mod/ B (4) ioc in /jf mod J B (4)' oc ; 

• for all i, 6 + (Bi) = 5 J mod/ B0B (4) ,oc . 

Now we can state the following elaboration of the Main Lemma. 

Proposition 3.9. In Lemma \3l3\ (Main Lemma) the elements Di G O, 
1 ^ i ^ u, and g := J2r(i)^2-DiX l G Ib®B can be taken in such a way 
that 

a) D\ + ^j(o- + o' ix + Di)d ti fj t = o t mod2^m ; where 1 ^ t ^ u and 
all o t G fjO; 

b) 9 = E*(oJo + °'a + mod I B (4) l ° c . 
Remark. The congruence a) implies that: 

• all dt = mod 7ft ; 

• if m < t ^ -u then o t = 0mod^7r. 

Proo/. Let/: = [/] - [/ ]. Then 

5 LT (f) = J>' i0 + o'a + Di)ji + £ A 2 ^ ® *i 



+ ^ £>?(*i ® 1 + 1 ® + 25 + ((?) mod J s (16) 



loc 



For 1 ^ £ ^ u, let s(t) = Y^i(°'io + °ii + Di)dafj t . Then using the 
explicit formulas for the elements ji, 1 ^ i ^ w, modulo the ideals 
JsgiB(16)W from Lemma [3.81 we obtain 

8 LT (f) = J2(D 2 t + s(t))X t ®X t + 2j2 <t)B t + 



J2(^+s(t))(Xm+mX t ) \ 2B t + Y j d ut f lu X u ®X u ^j mod/^(16) 

Following the coefficients for X t £g> X t , 1 ^ t ^ w, we obtain that 

(A 2 + »I t e 77W mod 7^(16)^. 

This proves the part a) of the proposition. 

The remaining terms of the relation 5ltU) V^b^b mod I B(S)B (16) loc 
give 

5Z(°io + °'n + D *) A + <5 + G?) G W mod 7^(4)' 



ioc 



\loc 



Therefore, h = Y,i(°io+°ii+Di)Bi+g is of the form Y, r {i)>2 QX- and 
the relation 5 + h G Ib®b mod/g(4) Zoc implies that ft, = ho mod /^ c (4) 
with ft, G J_b. Therefore, by replacing / by / — 2h we obtain the 
property b). □ 
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3.8. Explicit calculation of Ilt(/)- As earlier, / G Hit = T^lt{H q , ji n ) 
is given via the formula from the Main Lemma where Di, . . . , D u G O 
and g G P^ c satisfy Proposition 13.91 We also set / = [/] — [fo], 
L B = E, OX h Lf = E,«„ OX, + E„ 0< «, &Xi and deBne 

( r [l, if: ho- mr= U f *M<r 

v / bi | L ^ C ii ~ e0 * 1 Jg c if 77 G O* 

Proposition 3.10. For 1 ^ i ^ u, consider bi G O /rom Proposition 
13.91 and Ze£ o^ 2 G O and o^ 3 G ti'O be such that bi = o% + of 3 mod l^-n'O 1 
and o'i 2l o-| G OjO'. Tnen 

M/) = - J2 d * X * + E M°Ji*i) mod^Ls)'* + 2(r^) ioc ). 

(7n frota sums 1 $C 2 ^ n and ^ / ^ 3.^ 
Proof. First, note that (use that all DiX, t G Jb(2)' oc ) 

{D}X}\ 2 . / 1): 

2 

Rewrite property a) of Proposition 13.91 in the following form 

? = ^ + ^ - E^-o + 4i + + ^ 

Vi Vi Vi s 

with Ai G nm C m. Multiplying this equality by J2 u XuC U i = Xf/Vi 
deduce that 



l LT (D,X,) ee D,X t + -L^ + ( -i-i. ) + 2 ( -L^ ) mod 4/<f 



E ^ = E + ^f) ~ £W> + <4> + D,)X, mod f,L 



B 



Note that: 

*2 



for any i, (2 u X w c ui ) e L s + 2/^; 
for 1 ^ ^ n , (E„ X u c ui f G Z^ c + 2/ te - 



B 1 B ' 

2 . 



• for any i, {o 2 /fji + 5^/^ - E s (<4 + °'a + D s)d is + fjAi) is con- 
gruent to {o'i 2 /fji) 2 + {o'^/fjif + D 2 s d 2 is modulo rjO; (Use that of 2 and 
o-| are divisible by fy.), cf. Remark to Proposition 13.91 

• for any n < i < n, (of /^ + o^/^ - E s (°io + + D s )d is + fjAi) 2 
and (o'te/fji) + (oft/fji) +J2 S D 2 s d 2 s are congruent modulo m; (Use that 
all o' u G m and fji G O*.), cf. Remark to Proposition 13.91 

This gives 

(^) 2 - (f + 1 - EK + <4 + + ^) fe j 
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- (^) 2 + (^) 2 + 2 £ D 2 d 2 s X ul X v 

«1<«2 

modulo {fjL B ) loc + 2{fjIjj) loc 1 because 

£i?2«c& = J2 D s X s - 0mod2L 5 . 

Note also that 

2 f^) 4 = 2 (^y fe*?£ + 2 d x - x - c - c -) 

^ ' ^ ' \ S S!<S 2 J 

belongs to 2L B + 4I§ C (j]L B ) loc + 2(fjI s ) loc . 
Finally, 

£ max*) = - j>; + o'^x, + J2°-^r + 2 J2 D ^ = 

i i i,l s 

- J2 o'uXi + Yl M[°W] + [cfaXi]) + 2 £ D 2 R S 

i,l i s 

modulo (fjL B ) loc + 2(fjI B ) loc because all 2(5 2 X 2 /2) 4 and 2(5 2 X 4 72) 4 
belong to 2L^ + 

It remains to note that 

g + g 2 = J2( 0i + ~ 0l )B 2 + J2(o' t0 + o' n + D t )d it fj s R s = - ^ 

i t,s s 

modulo 21^°° and l LT {2g) = 2{g + g 2 ) mod AI l ? c . □ 



3.9. Special element h G I B and its properties. With above no- 
tation set 

i,l 

Note that [2}(h) = [2](/) - [2](/ ) - E M [2](^) G and ' there " 
fore, l LT (h) = (l/2)l LT ([2]h) G I B . ®o K. Then by Proposition EUD] 

l LT (h)=f)'l mod2(f)I B ,y oc , 

where l = Yli°'iXi, all coefficients o\ G O' and it holds 

(3.7) ^ = -5>>odr)C>'. 

z 

In addition, if 77 G Oq then Z G i^f. 
Proposition 3.11. a) [2](/i) = 2^0 mod 2(fjI B ,) loc ; b) <5 LT (/i) G ?f J s >. 
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Proof, a) By the Main Lemma, h G I B >(2) loc and, therefore, we have 
[2](h) G 2I B ,(2) loc + (l B ,(2) loc )\ cf. Subsection The standard 

DP-structure on this ideal is topologically nilpotent and 2(fj'I B i) loc and 
A{fjI B i) loc are its DP-subideals. Therefore, the congruence l LT ([2}h) = 
2f)'lomod4:{fjI B >y oc implies that [2}{h) G 2{ff 'l B >) loc . If [2}(h) = 2A 
with A G (fj'I B >) loc then l LT ([2](h)) = 2Amod2(f]I B i) loc and, therefore, 
A = fj'l mod{fjI B ,) loc . 

b) Similarly, the Main Lemma implies that 

S LT (h) G I B ,{2) loc ® J^(2) ioc C 7 B '«B'. 

Again this ideal has topologically nilpotent DP-structure and proceed- 
ing as in the above a) we obtain liT^LTih)) = <5 + /lt(^) = fj'5 + l = 
Omodfj' J B i and <5lt(^) G fj' J B i. □ 

Corollary 3.12. For 1 ^ i ^ u, (Yli^u)^ G ^ 2 O mod2r/O. 

Proof. We know that [2](/) G fj 2 lB - On the other hand, 

[2](/) = [2](/o) + [2](/») + 53[2](«/ <I Jf i ) l 

where /o G 77/5. Note that: 

• [2](/ ) = f$mod2fjI B implies that [2](/ ) G fj 2 I BQ mod2fjI B ; 

. [2](^JQ) = [<#X?] + [2^] mod 2^ (use that all og G r/O); 

• [2](/i) = — ^ j [2o^Xj] mod 277/5 by the above proposition. 

So, 

(3.8) 5>:?X l 2 ]G7f/B mod27K B . 

i,l 

Note that for all i, 

• °io>°ii e vO raod2f]O; 

• o'ix-,0% G vrr/Oo mod 27/0; 

• X? G 7fcI Bo + 21 B . 
This implies that: 

E K*< 2 ] + - E (°S + <® x * mod ^> + Wb 

i i 

E + [°g^) - E (°g + °S) x * mod ^ 2 ^ + 2^ 

« i 

Clearly, (og + og) Xf G fjI Bo + 2f,I B and (°8 + og) G 
irfjI Bo + 2fjI B . Therefore, (13. 8p implies that for any 1 ^ z ^ u, 
(°io + G r/O + 2r/0 and (og + 0^)77* G 2r]0. This proves the 

proposition. 

□ 
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3.10. Introducing Ai = M.(G) G MF|. Choose a rings identification 
K s'0' '■ 5"modt e — > 0'mod2 such that k S o\s mod t e = K so Consider 
l = J2i ^ L B r from Subsection 13.91 and set 

h = Y^ °i X i = l o + V'lo + ■■■ + ff^'Hf + ■■■ mod J B > 

i 

Let s',ai, . . . ,a u G S' be such that Ks'o'(S' mod t e ) = fj' mod 2 and 
Ks'o'( a i modt e ) = o^mod2 for 1 ^ i ^ u. 

Introduce M' = M'{G) = (M 10 , M n , (p[) D W := M ®s S' such 
that M'° = m'S' © (JV° ® s 3'), M' 1 = m' l S' + (N l ® s S') C M'° with 
m' 1 = s'm! + J2i a i n ii an d (p'i(m n ) = m! . 

Proposition 3.13. a) M' G MFf,; 

b) there is M = M(G) G MF^ such that M' = M® S S'. 

Proof, a) M' G MF|l means that £ e m' G M' 1 , i.e. for 1 ^ % <. u, it 
holds t e 5 _1 aj = Omods, or, equivalently, 

(t e s^ )a, = Omods. 

Using (13.71) and the identification K5'o' we can rewrite these congru- 
ences in the form (J^i^Vi = Omod??. Obviously, these conditions 
follow from Corollary 13.121 

b) The general criterion of the existence of the descent M. of M! 
to S from Proposition 11.31 can be specified in our case in the following 
form: for all 1 ^ i ^ u, ai G S mod §iS' . 

Using the identification ns'o' we rewrite these conditions in the form 
o^mod?]- G Omodfj'. Using (13.71) we can replace them by J2i°'u e 
Omod^fj', then by e Oomod fjifj and finally by (X^ ^) 7 ?* ^ 

Oo mod 2fjO. But this follows from the statement of Corollary [3J2J □ 

3.11. Construction of an isomorphism Qo{M) — G. We know 
that G = SpecA, where A = B[X], [2}(fjX) = [2](f) G fj 2 I Bo C fj 2 I B 
and 5 LT {fjX) = 5 LT (f) G fjI Bo ® Bo C ?7-Wb. 

Let A' = A ® O' and let Z G J A ' be such that rfZ = [fjX] - 
Ei,iWuXi]. Note that 

(3.9) Z + rf" 1 ^ o-jX; = Z - Z = mod fj'I A > 

Proposition 3.14. a) 5 + Z G J a 1 ', 

b) ZeI A '(2); 

c) f)'(Z 2 /2) = Z + hmod J A >. 

Proof, a) By proposition IBTTTb ). 6lt(v'^) = ^Lr(h) G fj'J B r. Therefore, 
we must prove that 

[fj'Z g> 1] + [1 <g> v'Z] = [fj\Z ®l + l®Z)} mod ffJ A , 
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and this is equivalent to saying that fj'Z <E> Z G J A i. But [2](i]'Z) = 
[2\{h) G 2{fi'I B i) loc and this implies that (fj 1 ' Zf G 2rj[I A >, i.e. rf 1/2 Z G 
J A /(2) and ® Z = (^/ 2 Z) <g) (?f/ 2 Z) G I A >®A>(2) 2 C J A ,. 

b) Use that Ilt{t)'Z) = /lt(^) and, therefore, 

(3.10) Z + fj'(Z 2 /2) + fj' 3 (Z 2 /2) 2 = l Q mod2f)'I B/ 

By the above proof of the part a), fj'(Z 2 /2) G I A > and the part b) is 
proved in the case fj G Oq. If fj ^ Oq then 13. 101 implies that 

„,Z 2 / „Z 2 \ . 

and rf(Z 2 /2) G 77' I A ,. 

c) Iterating (13.101) we obtain 

f)'(Z 2 /2) = Z + l + fj'(fj'Z 2 /2) 2 = Z + l + fjT + fj m (fj'Z 2 /2)* 

= Z + l + fj'l 2 + ■■■ + fj' 2n - l l 2 Q +■■■ = Z + h mod J A ,. 
The proposition is proved. □ 

By above Proposition 13.141 the correspondences m! 1— >■ Z 2 /2mod Ja> 
and m' 1 t— > Z mod Ja> give a map of filtered modules M! — > i(A'). 
Applying the results of Subsections ll.6til.8l we obtain a morphism of 
coalgebras II' : A(Qo'(M')) — > A'. The both coalgebras contain 
B' = B®qO' an d n'|#/ is isomorphism. Similarly, the both coalgebras 
have a quotient coalgebra A(fi v ) eg) O' and II' induces on them isomor- 
phism of coalgebras as well. This implies that II' is the isomorphism 
of coalgebras and Theorem 13.11 is completely proved. 
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